Abstract. We define several types of pseudo primes with respect to Lucas sequences and prove the analogs of various theorems about ordinary pseudoprimes. For example, we show that Lucas pseudoprimes are rare and we count the Lucas sequences modulo n with respect to which n is a Lucas pseudoprime. We suggest some powerful new primality tests which sombine Lucas pseudoprimes with ordinary pseudoprimes.
1. Introduction. A pseudoprime to base a (or psp(a)) is a composite number n such that ~-1 == 1 (mod n), i.e., n satisfies the conclusion of Fermat's "Little Theorem" even though n is not prime. Pseudoprimes have been studied intensively. (See [17] and the references there.) In the present work we consider various analogs of pseudoprimes in which a n -1 -1 is replaced by a term of a Lucas sequence. We will assume that n is odd except in Theorem 1.
Let D, P and Q be integers such that D = p2 -4Q =1= ° and P > 0. Let U o = 0, U 1 = 1, Vo = 2, and VI = P. The Lucas sequences Uk and V k are defined recursively for k ~ 2 by
We will write Uk(P, Q) for Uk when it is necessary to show the dependence on P and Q. For k ~ 0, we also have where a and (3 are the distinct roots of x 2 -Px + Q = 0. The values of the residues of Uk and V k (mod n) may be computed quickly for individual large k by a sequence of operations determined by the binary expansion of k; see [1] .
For odd positive integers n, let fen) denote the Jacobi symbol (Din), and let o(n) = n -fen). If n is prime, and if (n, Q) = 1, then (1)
If n is composite, but (1) still holds, then we call n a Lucas pseudoprime with parameters P and Q (or Ipsp(P, Q)).
There are two points of view one can take about lpsp's. One can study divisibility properties of Lucas sequences. This we do in Sections 2 and 3. In the former, we count the number of ways n can be an Ipsp and derive some interesting corollaries. In the latter we consider analogs of Euler and strong pseudoprimes; see [17] .
On the other hand, in Sections 5 and 6 we use lpsp's to devise tests for primality which are almost always correct. In Section 4, we lay the groundwork for these tests by showing that lpsp's are rare. Pseudoprimes have long been studied as special cases in simple primality tests for large numbers. The best tests for the primality of n which we propose require the selection of a D such that the Jacobi symbol (Din) = -1. We estimate the cost of choosing such D in Section 7. Our conclusion is that only a couple of trials are necessary on the average before one is found.
MaIm [13] has formulated a primality test which uses Lucas sequences, but his test is quite different from the ones we will propose.
Good general references for properties of Lucas sequences which we do not prove are the papers of Lucas [12] and Lehmer [10] .
The authors thank Hugh Williams for valuable discussions, especially of Section 2. We thank Carl Pomerance for providing the second corollary to Theorem 1. Section 7 could not have been written without suggestions from P. D. T. A. Elliott. We are grateful to the Computer-Based Education Research Laboratory and to the Computing Services Office of the University of lllinois for providing the computer time used in this research.
2. Simple Divisibility Properties of Lucas Sequences. The following three congruences hold when n is an odd prime and (n, Q) = 1:
(2) (3) (4) Vo(n) == 2Q(I-€(n))/2 (mod n) provided (n, D) = 1, Un == fen) (mod n), Vn == VI = P (mod n).
Congruences (1 )-(4) hold rarely when n is an odd composite number. Assuming
(n, 2PQD) = 1, any two of the congruences imply the other two.
Rotkiewicz [18] has shown that, when Q = ± 1 and (P, Q) i= (1, 1) , there are infinitely many odd composite numbers n satisfying (1), (3) , and (4) simultaneously.
Yorinaga [24] , [25] , [26] has studied the sequence of Fibonacci numbers (P = 1, Q = -1), and gives a table of the composite n ~ 707000 which satisfy (3). (Contrary to the last sentence of the review of [25] , four psp(2)'s appear in Yorinaga's table, namely 219781, 252601, 399001, and 512461.) E. Lehmer [11] showed that there are infinitely many primes p for which n = U 2P satisfies (1) for the Fibonacci numbers. Thus there are infinitely many Ipsp(1, -1).
Given n, how many pairs (P, Q) satisfy (1)? Let us first consider the corresponding question for pseudoprimes. We allow even n here. 
II(n -1, Pi -1).
Proof. The number of such bases a is the number of solutions (mod n) of the congruence (5) f(x) = x n -
Consider first the congruences (6)
f(x) == 0 (mod p~i),
By Theorem 2.27 of [15] , congruence (7) has si = (n -1 , Pi -1) distinct solutions (mod P;). Note also that si ~ 2 if n is odd, for in that case, n -1 and Pi -1 are both even. By Theorem 123 of [9] , each solution y of (7) corresponds to one solution of (6) (since f'(y) =F 0 (mod n)) and vice versa, so (6) also has si distinct solutions (mod p~i). Finally, according to the Chinese Remainder Theorem, (5) has n si distinct solutions (mod n), including the two trivial solutions x == ± 1 (mod n).
COROLLAR Y 1. Every odd composite number n is a psp to at least two nontrivial bases (mod n) unless n is a power of 3.
Let B(n) denote the number of bases modulo n to which n is a pseudoprime. Let ¢ denote Euler's function.
COROLLARY 2 (POMERANCE). If we ignore a set of n of asymptotic density zero, then we have B(n) = o(n) as n -+ 00.
Proof. It is well known [6] that for a fixed prime q, the normal order of the number of prime factors of n which are == 1 (mod q) is (log log n)/(q -1). Let Sq be the set of all positive multiples of q. By the fact just mentioned, the set Tq of n in Sq which have fewer than (log log n)/(2(q -1)) prime factors == 1 (mod q), has density zero. If n is in Sq but n is not in T q , then ¢(n) is divisible by q to at least the (log log n )/(2q -2) power. But q? n -1 for such n and hence
as n -+ 00, n E S q' n $. T q . Now let 0 < E < 1 be given. It follows easily from Mertens' theorem that there is a K so that the density of the set T€ of n which have no prime factor below K, is less than E. Let U€ be the union of T€ and all the sets Tq for each prime q < K. Then U€ has density <E and B(n) = o(n) as n -+ 00, n $. U€.
for all z ~ x k , the number of n ~ z with n E U 1 / k is ~2z/k, and (c) we have B(n) < n/k for every n > x k with n $. U 1 / k . (Once X k -1 is chosen, any sufficiently large number will serve as x k . This is clear for (a), true for (b) because U 1 / k has density < l/k, and true for (c) because
It follows easily from properties (a) and (b) that U has density zero. Property (c) gives B(n) = o(n) as n ---+ 00, n f/: U.
This proves the corollary.
Remarks. 1 . One can improve Corollary 2 if one uses the methods of Erdos [7] . One can prove that B(n) = o(n) as n ---+ 00 avoiding a set of integers, the sum of whose reciprocals converges.
2. If n is odd, the bases to which n is a psp occur in pairs: if n is a psp(a), then n is a psp(n -a). Every odd number is a psp(1) and a psp(-I) (the trivial bases). 3 . Experimentation indicates that the number of bases for which a composite 11 is a psp is usually small compared to n. We illustrate Corollary 2 for the 421502 odd composite numbers n < 10 6 . We found that 255341 of them (that is, more than 60%) have fourteen or fewer nontrivial pseudoprime bases modulo n. The number of nontrivial psp bases for n is less than O.OOOln for 292440 (or nearly 70%) of them.
One may conveniently list all of the Lucas sequence parameters modulo n with fixed D as follows: Begin with any such pair (PI' Q 1) and use the iterative scheme
When p is an odd prime not dividing Q, let w(P) = w(p; P, Q) denote the rank of apparition of p in the Lucas sequence Uk(P, Q), i.e., the least positive k such that p I Uk. The rank exists since (1) holds for prime 11 
Remark. This formula counts the trivial Lucas sequence with P == 0 (mod n).
Proof. Let (1) and P =F 0 (mod n)? The answer depends on the prime factors of n. We illustrate the answer in the case when n is the product pq of two primes. According to Theorem 2, we should count D if and only if at least one of the GCD's, There are ((P -1 )/2)((q -1 )/2) distinct D's modulo n for each of the H choices of the signs. Thus the number of D's modulo n for which there is a pair P, Q satisfying (1) and
In Sections 5 and 6, we shall consider lpsp n for which €(n) = -1. We remark here that the numbers 3(4k -1) and 9(4k + 1), where the binomial factor is prime, cannot be such Ipsp's, except for the trivial case P == 0 (mod n). For n = 3(4k -1) == 1 (mod 4) implies that both GCD's (n + 1, 3 ± 1) = (n + 1, 4k -1 ± 1) = 2, so that by Theorem 2, there is only one value of P modulo n which makes n an lpsp.
With n = 9(4k + 1), we have (n + 1,3 ± 1) = 2, as before. Now €(4k + 1) = €(n) = -1, whence (n + 1, 4k + 1 -(-1)) = 2, and the second assertion follows from Theorem 2.
3. Euler and Strong Lucas Pseudoprimes. We recall the definitions of Euler and strong pseudoprimes, which are introduced (see [17] ) because these numbers are rarer than ordinary pseudoprimes.
An odd composite number n is an Euler pseudoprime to base a (or epsp(a)) if (a, n) = 1 and
An odd composite number n is a strong pseudoprime to base a (or spsp(a)) if,
, for some r with 0 ~ r < s.
We make the analogous definitions for Lucas pseudoprimes. An odd composite number n is an Euler Lucas pseudoprime with parameters P, Q (or elpsp(P, Q)) if (n, QD) = 1 and
An odd composite number n is a strong Lucas pseudoprime with parameters P,
. 2Y == 0 (mod n), for some r with 0 ~ r < s.
Every prime n satisfies the conditions of each of these four definitions (with the word "composite" omitted), provided (n, 2QD) = 1.
This fact is the analog of the property: if n is an spsp(a), then (n, 2a) = 1.
Parberry [16, Theorems 4 and 1] has shown that there are infinitely many elpsp(l, -1). Our Theorem 5 below generalizes his Theorem 1. Williams [22, Theorem 7] proved that there do not exist a composite number n and a discriminant D such that (n, D) = 1 and n is an elpsp(P, Q) for every pair P, Q for which p2 -4Q = D, (P, Q) = 1, and (n, QD) = 1.
Theorems 3 and 4 of [17] show that every spsp(a) is an epsp(a) and that every epsp(a) which is == 3 (mod 4) is an spsp(a). Theorems 3 and 4 which follow are the analogous results for Lucas pseudoprimes. THEOREM 3. If n is an slpsp(P, Q), then n is an elpsp(P, Q).
Proof. As was remarked above, we have (n, 2QD) = 1 and hence (Q/n) =1= O.
Let the prime fa~torization of n be PI ... P t ' where perhaps some primes are repeated.
Define k j by 2kj II o(Pj) and assume kl ~ k2 ~ ... ~ k t . It follows easily from the definition of slpsp(P, Q) that there is an integer k ~ 0 with 2k II w(Pb) for all prime powers pb for which pb II n. Since w(Pb)/ w(P) is 1 or a power of p, and hence odd, we have 2k II w(Pj) for each j. Then k ~ k l . Let i ~ 0 be the number of j with k j = k. Then (any empty product is 1)
Since U 2h = U h V h and n is an slpsp(P, Q), we know that either
according as i is even or odd.
Note that (Q/p) = -1 if and only if p I Vo (p )/2. The latter relation holds precisely when the exponent of 2 in w(P) equals the exponent of 2 in o(P). Thus (Q/Pj)
and we have proved that n I U o (n)/2 or n I Vl)(n)/2 according as (Q/n) = + 1 or (Q/n) = -1, i.e., that n is an elpsp(p, Q).
THEOREM 4. If n is an elpsp(P, Q) and either (Q/n)
then n is an slpsp(P, Q).
is the odd number in the definition of slpsp. Either U d or Vd is divisible by n because n is an elpsp(P, Q). Thus one of the two cases of the definition of slpsp(P, Q) holds.
The following theorem has been proved by Parberry [16] in the case of the Fibonacci numbers. In that situation (P = 1, Q = -1), the hypothesis that n is an epsp(-l) holds trivially. A nontrivial example of our theorem is n = 133, P = 25,
and n is an Ipsp(P, Q).
If n is an epsp(Q), then n is an elpsp(P, Q).
Proof. Begin with the well-known identity
by the second hypothesis. Since U 1 = 1 and
Thus, U S (n)/2 V(n+E(n»/2 == 0 (mod n) if and only if Q(n-l)/2 == 1 (mod n).
The third hypothesis gives (10)
We must show n I Us (n)/2. Suppose instead that there is a prime p with pe II n, but (10), and pi V(n+e(n»/2 by (9). Since p!rQ because (n, Q) = 1, we find that pi Vo = 2, a contradiction.
, and so
by (9) . Hence (U S (n)/2' n) = 1 and we have n I V S (n)/2 by (10).
The Distribution of Lucas Pseudoprimes. The expression (log x log log X)1 /2
will be used often in this section. Denote it by Sex). Erdos [7] proved that the number of psp(2)'s not exceeding x is <x exp(-c 1 S(x)) for some positive constant c 1 and all sufficiently large x. His proof is easily modified to yield the same inequality for the number of psp(a)'s (a =1= -1, 1) up to x. A simple consequence [19] of this inequality is that, for each a =1= ± 1, the sum of the reciprocals of all the psp(a)'s is a convergent series. Thus the psp(a)'s are rare compared to the primes, and hence the odd n satisfying an-I == 1 (mod n) are almost exclusively primes. We call such odd n probable primes to the base a. (John Brillhart suggested the term "probable prime" with this meaning.) In this section we will prove that the lpsp's are rare compared to the primes. Then it makes sense to define a Lucas probable prime with parameters P, Q to be any odd n satisfying (1).
A probable prime test to base a is a testing of the truth of ~ -I == 1 (mod n). A Lucas probable prime test is a testing of the truth of (1). In the next section we will describe a combination of a probable prime test with a Lucas probable prime test which seems to distinguish primes from composites much more effectively than either test does alone.
We will need two lemmas for the proof that lpsp's are rare. The first appears in Erd~)s [7] , where it is derived as an easy consequence of a theorem of de Bruijn
[2]. The second follows from elementary divisibility properties of Lucas sequences and was mentioned in [17] . Recall that w(P) is the rank of apparition of the prime p. Proof Split the Ipsp(P, Q)'s not exceeding x into two classes. Let the first class contain those lpsp's n for which w(P) < exp(S(x)) for every prime factor p of n.
Clearly these lpsp's are composed of the prime factors of (11)
The smallest integer with at least t distinct prime factors is the product of the first t primes, which is approximately tt, by the prime number theorem.
, the number of distinct prime factors of U t cannot exceed a constant plus t. Hence, the total number k of prime factors of all the numbers (11) satisfies
for all large enough x. Apply Lemma 1 with u = c s (1og x/log log X)l /2. We find that the number of lpsp's of the first class up to x is less than x exp(-c 6 S(x)).
Every Ipsp n of the second class has a prime factor p with w(P) > exp(S(x )). By Lemma 2, we have n == fen) (mod w(P)). We also have n == 0 (mod p) and n > p, so that n > p(w(P) -1). Let PI' ... , Pr be the primes ~ x such that w(P) > exp(S(x)).
Then the number of lpsp ~ x of the second class is less than
This inequality and the corresponding one for the first class give Theorem 6.
COROLLARY. For a rlXed P and Q, the sum of the reciprocals of alllpsp(P, Q)'s converges.
The details of the proof are just like those in the proof of Theorem 4 of [19] and so are omitted. We have seen that probable prime tests and Lucas probable prime tests are each good tests for primality in that the probability of failure tends to zero as the number being tested increases without bound. We know that the probability of failure is less than exp(-csS(x)) for numbers near x. There is no good reason to believe that this probability approaches zero much more rapidly. (See the remarks on the density of Carmichael numbers in [17] . ) We now prove that L(x) exceeds a constant times log x. The lpsp's which we construct are in fact slpsp's. Proof. Let Q' be Q divided by its largest square divisor. Let 11 = 1 if Q' == 1 (mod 4) and 11 = 2 if Q' == 2 or 3 (mod 4). Rotkiewicz [27] has proved, under our hypotheses on P and Q, that if h ~ 7 is an odd integer and m = h11Q', then U m has at least two prime factors p and q not dividing mU l U 2
is easy to see that n is an slpsp(P, Q) because
all m ~ 5. Since m ::::;;; 2hQ we have R(k2hQ) ~ (h -5)/2 for all odd h ~ 7. This inequality is enough to prove the theorem.
S. Powerful Tests for Primality. Let n be a large odd integer, and suppose we wish to determine whether n is prime or composite. The usual procedure is to first test n for "small" factors. If none is found, we perform a probable prime test to some convenient base. If n passes this test, (i.e., if n is a probable prime), we apply several more probable prime tests to different (perhaps randomly chosen) bases. If n passes all of these probable prime tests, then n is almost certainly prime, and then we proceed to attempt to prove that n is prime by using the factors of n 2 -1, n 2 + 1, and n 2 ± n + 1; see [1] , [20] , [21] , [23] .
The problem with this method is that the probable prime tests are dependent. Suppose a l and a 2 (1 ± 1 (mod n)) are chosen in advance. If n is a psp(a l ), then n is very likely one of those few numbers which is psp to many bases, so that n is more likely than average to be a psp(a 2 ).
For example, a psp(2) is psp to far more bases than is the average odd composite number of the same size. In fact, of the 21853 psp(2)'s < 25 . 10 9 ,4709 of them are also psp(3); 2522 of them are psp(2), psp(3), and psp(5) simultaneously; and 1770 of them are psp(2), psp(3), psp(5), and psp (7) simultaneously [17] . If the events "n is a psp(a 1 )" and "n is a psp(a 2 )" were independent, we would expect that none of the first 21853 psp(2)'s would be a pseudoprime to base 3, 5, or 7.
It would be better to use two probable prime tests which are independent, that is, where n being a probable prime of the first type does not affect the probability of n being a probable prime of the second type. In fact, we describe a method which seems to do slightly better than mere independence. Namely, we have observed empirically that if n is a psp(a), then n is less likely than a typical composite to be an Ipsp(P, Q), provided P and Q are chosen properly, and vice versa. If n passes both a probable prime test and a Lucas probable prime test, we can be more certain that it is prime than if it merely passes several probable prime tests or several Lucas probable prime tests.
The "worst" composite numbers from the point of view of a probable prime test are the Carmichael numbers, i.e., odd composite n which will pass a probable prime test for any base a with (a, n) = 1. We noticed that when fifty small Carmichaels were checked for probable primality with a Lucas probable prime test, they all failed; i.e., the Lucas test indicated that they were composite. All of the 21853 A. Let D be the first element of the sequence 5, -7, 9, -11, 13, ... for which (1og log n) , so this can be done quickly.) If n is a square, we stop the test. Otherwise, we resume the search for an appropriate D. In Section 7 we prove that the average number of D's which must be tried is less than 2.
Of course, the probable prime and Lucas probable prime tests can be made even more powerful by using their strong versions. To be specific, we recommend this test for primality of a large odd number n:
Step 1. If n is divisible by any prime less than some convenient limit (e.g.,1000), then n is composite.
Step 2. If n is not a strong probable prime to base 2, then n is composite.
Step 3. Choose parameters P and Q by method A or B. (This step might include a test whether n is a square.)
Step 4. If n is not a strong Lucas probable prime with parameters P and Q, then n is composite. Otherwise, n is almost certainly prime. This procedure will always decide that primes above 1000 are prime. It can fail for numbers greater than 1000 only by asserting that a composite number is prime.
It certainly makes no mistakes for n < 25 . 10 9 . Does it always work correctly?
One could modify Steps 2 and 4 as follows. If n is a psp(2) or lpsp, Step 2' or 4' often produces at least one (not necessarily prime) factor of n. Let n -1 = d . 2 s , and n + 1 = e . 2 t, with d and e odd.
Step 2'. Let Xy == 2 d ' 2Y (mod n), (0 ~ r < s), and gy = (Xy -1, n). If 1 < gy < n, so gy I n, then n is composite. If n is not a strong probable prime to base 2, then n is composite.
Step 4'. Letyy==V y(modn),forO~r<t. If1«U e ,n)<norif1< e'2 (yy, n) < n, then n is composite. If n is not a strong Lucas probable prime, then n is composite.
Each GCD involves a loop of O(log n) iterations. If n is a psp(2), Step 2' will give a factor of n unless n is an spsp(2). (For example, 341 can be factored this way, since 2 85 == 32 (mod 341), and (285 -1,341) = 31.) If n is a psp(a) but not an spsp(a), then n can be factored this way because the multiplicative order of the prime factors of n are not all divisible by the same power of 2. This means that for some
2Y is congruent to 1 modulo some, but not all, of the prime powers that divide n. If n is an Ipsp(P, Q) but not an slpsp(P, Q), then
Step 4' will give a factor of n. If n is a prime power, then n can be factored very easily. If n is not a prime power, then one can show that there exists a base a such that n is a psp(a) but not an spsp(a). If one had a method for finding such an a, then one could factor n in just O(log n) additional steps! Remarks. 1. Steps 4 and 4' terminate at a subscript ~ (n + 1)/2. It is easy to continue and compute Un + 1 and Vn + 1 (mod n) by several doublings of the subscript.
If
Step 4 or 4' does not indicate that n is composite, then we can also check whether Vn + 1 == 2Q (mod n). This congruence must be satisfied if n is prime provided (n, 2QD) = 1. This check involves almost no additional work, because Vn + 1 = (V(n + 1 )/2)2 -2Q(n + 0/ 2 , where V(n + 1 )/2 is used to compute Un + l ' and Q(n + 1 )/2 is easily obtained from the previously computed power of Q.
3. There is another check we can do that is almost "free". If n is prime and (n, Q) = 1, then Q(n + 1 )/2 = Q . Q(n-l )/2 == Q . (Q/n) (mod n). This congruence can be easily checked, since Q(n + 1) /2 (mod n) is used to calculate Vn + l' If Q = ± 1, this condition holds trivially. If the algorithm for selecting P and Q produces Q = ± 1, we can simply choose a different (P, Q) pair having the same D; see methods A * and B* in Section 6. This check on the value of Q(n + 1 )/2 amounts to a built-in Euler probable prime test. It is very rare to have both U n + 1 == 0 (mod n) and Q(n-O /2 == (Q/n) (mod n), (with Q ' * ± 1) unless n is prime. The smallest n for which both congruences are true is n = 65, Q = 14, IPI = 12, 13, 17,22, or 27, and Q = -14, !PI = 6, 19, 21, 26, or 31. (Of course, by "rare", we mean that unless you try many (P, Q) pairs for each n, you probably will not find one for which both congruences are true!)
We will see in Section 6 that these additional checks are extremely powerful, especially if Q ' * ± 1. Now let us look at the results of the computer calculations and the evidence for independence of the probable prime and Lucas probable prime tests. First, as noted above, the psp(2) under 2S . 10 9 and several small Carmichaels failed our Lucas probable prime test.
By Theorem 3, every slpsp is an elpsp. Of course, every elpsp is an lpsp. Figure  1 shows the least integer of each of these three types with respect to each of the two methods of choosing parameters. For example, 3827 is the first lpsp but not elpsp for method A which is an elpsp but not slpsp for method B.
FIGURE 1
The least element of each set is shown In Table 1 , we give the number of lpsp's up to x with respect to parameter selection methods A and B. Once the parameters have been chosen, we can consider Euler and strong lpsp's. The numbers of these lpsp's are also given in Table 1. That   table also shows the number of numbers ~x which are lpsp, elpsp, or slpsp for both methods simultaneously. The growth rates are very much like those of the psp(a)'s which are reported in [17] . Note that there are more lpsp for method B than for method A. This occurs because on those occasions where (Sin) = 1, method A eliminates multiples of 7, 11, etc., but method B does not. If we consider only those numbers that have no prime factor < 1000 (as in Steps 1-4 above), then there is little difference between methods A and B.
It is certainly not true that no psp is an lpsp. (Recall Corollary 1 to Theorem 1 and the Corollary to Theorem 2.) Our experience is that if n is a psp(a), and you try many Lucas sequences with (Din) = -1, you can often find one for which n is an lpsp. For example, n = 341 is a psp(2); it is also an Ipsp(7, 2). (We exclude all the trivial cases a == 0 or ± 1 (mod n) and niP here.) Likewise, most lpsp n with (Din) = -1 are psp(a)'s for only a few bases a. The point is that if you prescribe a base a and a method for choosing Lucas sequence parameters so that (Din) = -1, then very few n will be both psp(a)'s and lpsp's. Indeed, it appears that such n are far less numerous than either psp(a)'s or lpsp's. Further support for our proposal is provided by Theorems 1 and 2. When D is fixed, and (D/n) = -1, the number of distinct values of P modulo n for which n I Un + 1 is IT ((n + 1, Pi ± 1) -1), where n = IT p~i, and the choice of ± 1 depends on D and Pi. Most of the GCD's (n + 1, Pi ± 1) would have to be large for there to be many Lucas sequences with respect to which n is an lpsp. Likewise, n is a psp(a) for IT (n -1, Pi -1) distinct values of a modulo n. Thus, most of the GCD's (n -1, Pi -1) must be large for n to be a pseudoprime to many bases. Now, the GCD's (n + 1, Pi -1) and (n -1, Pi -1) cannot both exceed 2. Furthermore, it seems very difficult for both GCD's (n + 1, Pi + 1) and (n -1, Pi -1) to be large fractions of Pi' at least for most prime factors Pi of n. Hence it is nearly impossible for a number to be both a psp to many bases and an lpsp for many values of P, as long as (D/n) = -1.
On the other hand, suppose that (D/n) = + 1. The GCD's in question are (n -1, Pi -(D/Pi)) and (n -1, Pi -1). As above, (n -1, Pi + 1) and (n -1, Pi -1) cannot both exceed 2, but whenever (D/Pi) = + 1, then the GCD's are the same, so that both can be large. Thus, in many cases we would expect that if n is an Ipsp(P, Q)
for many values of P with (D/n) = + 1, then n might also be a psp(a) for many values of a. The computer calculations bear this out. Table 2 gives the distribution modulo m of the lpsp's under 10 8 for several small m. Note that the residue class -1 (mod m) has more lpsp's than any other class. This shows that if n is a typicallpsp (with (D/n) = -1), then n + 1 has many small prime divisors. The analogous table to Table 2 for psp(2)'s is given in [17] . It shows that the class + 1 (mod m) contains the lion's share of the psp(2)'s, at least for small m. If n is a typical psp(2), then n -1 has many small prime divisors. Since (n -1, n + 1) = 2, these facts support our proposal that the combination of a probable prime test with a Lucas probable prime test is a very discriminating test for primality. In fact, since the psp(2) and lpsp have a tendency to fall into different residue classes (mod m), it may even be that any dependence between the probable prime and Lucas probable prime tests works in our favor. If this were so, or even if the tests were independent, we would not expect to find a number which is both a psp(2) and an Ipsp until far beyond our search limit. 167  558  280  3  1492  666  338  1561  985   5  1  271  130  81  279  150  2  274  64  64  391  274  3  237  41  41  364  237  4  1129  598  319  1085  604   7  0  11  0  0  120  53  1  224  90  63  243  155  2  248  106   73   269  169  3  123  39  30  237  149  4  191  95  65  252  148  5  130  57  47  250  ].41  6  984  446  227  748  450   8  1  212  80  80  267  138  3  563  161  137  571  278  5  207  87  87  291  142  7  929  505  201  990  707   9  1  86  41  28  99  44  2  34Q  154  93  419  251  3  22  11  2  7  4  4  74  27  16  86  43  5  352  146  97  414  261  6  25   13   2  9  5  7  91  39  28  96  48  8  912  402  239  989  609   12  1  55  27  27  82  39  3  47  24  4   13   9  5  364  140  140  473  241  7  196  80  45  199  96  9  0  0  0  3  0  11  1249  562  289  1349  880 Note that if (Din) = -1 and n == 1 (mod 4), then n is an elpsp(P, Q) if and only if n is an slpsp(P, Q) by Theorem 4, because in this case, D(n) == 2 (mod 4). Table 3 shows the numbers of lpsp, elpsp, and slpsp below 10 8 with exactly k prime divisors, counting multiplicity. The values shown for all composites were computed from the asymptotic formula
for the number of integers up to x with exactly k prime factors. The lpsp and elpsp are somewhat skewed in the direction of having fewer prime divisors than the "average" number. The slpsp are even more skewed in this direction. This tendency is similar to that reported in [17] for psp(2), epsp(2) and spsp(2).
6. Other Congruence Conditions. We have defined Lucas pseudoprimes to be odd composite numbers n that satisfy congruence (1), and we have seen that if we require (Din) = -1, the lpsp tend to be psp to very few bases. We now consider the other congruences, namely, (2), (3), and (4), which must hold if n is prime and (n, 2QD) = 1. Unless stated otherwise, in this section n will be an odd composite number which is not a square.
The n's which are squares were omitted from the calculations. (Squares are easy to spot, and are of little interest in prime testing.) Congruence (2) is satisfied, for example, if n is the square of an odd prime p, if Q = 1, and
Counts of odd, composite, nonsquare n ~ x satisfying congruence (1), (2) 
(2 )
( 
(2 ) (3 )
(1,2,3,4) Tables 4 and 5 show the counts of the n ~ x which satisfy at least one of the congruences (1)-(4). We first tested all four congruences with both choices of sign of (Din), where P and Q were chosen by methods A and B. Most of the n satisfying (3) when P and Q were chosen by method A were divisible by 3 or 13. (For example, let n = 3p, P prime, p == ± 1 (mod 8), and let D = -7 so that P = 1 and Q = 2.
Then (DI3) = -1. If (Dip) = 1, then it is not hard to show that Un == -1 (mod p)
and that Un == -1 (mod 3), so that Un == -1 (mod n).) If we exclude n with (39, n) > 1 in congruence (3), we find that when (Din) = -1, almost every n which satisfies congruence (2), (3), or (4) had Q = ± 1. The only exceptions were: By contrast, many n satisfied (1) with Q :# ± 1.
We decided to test these congruences again, but this time we would force Q to be other than ± 1. In particular, we used these methods for choosing D, P, and Q (with (Din) = -1):
A *. Choose D, P, and Q as in method A above. If Q = -1, reset P and Q accordingto: P¢::5,Q¢::5.
B*. Choose D, P, and Q as in method B above. If Q = 1, reset P and Q according to: Q ¢:: P + Q + 1, P ¢:: P + 2.
In A *, we get P = Q = 5 from two applications of the transformation Q ¢:: P + Q + 1, (Din) = 0, we consider n to be composite and we do not do a Lucas test on this n.
We checked congruences (2), (3), and (4) using methods A* and B* for n < 10 8 , and these counts are also shown in Tables 4 and 5 . All of the n < 10 8 that satisfied congruences (2), (3), or (4) are listed in Table 6 . We do not know why the n satisfying congruence (2), (3), or (4) are so rare when (Din) = -1 and Q :# ± 1. Note that when P and Q are chosen by method A *, there is only one composite n < 10 8 for which (2) holds! Hugh Williams noticed that if n is prime, (Din) = -1, and (2Q, n) = 1, then
This follows from the identity V~k = DU~k + 4Q2k. From this we obtain V~+ 1 == 4{t + 1 (mod n 2 ). The proper sign for the right side of (*) is determined from the fact that Vn+ 1 == 2Q (mod n).
Congruence (*) is even stronger than, and implies, congruence (2). The two composite n listed in Table 6 which satisfy (2) were tested in congruence (*) with the same P and Q as in Table 6 . Neither of these n satisfied (*). Thus, (*), with D, P, and Q chosen by method A* or B*, detects all composites <10
8 .
Another result we noticed in the calculations was that the n which satisfied congruences (1), (2), or (3) were almost always pseudoprimes to few or many bases depending on whether (Din) = -1 or (Din) = + 1. The n satisfying (4) with either (Din) = ± 1, however, often seem to be psp to more bases than are the n which satisfy (1), (2), or (3) with (Din) = -1. Note: Of those n satisfying (3) with P and Q chosen by Method A*, only those with (39, n) = 1 were counted.
We also tested the psp(2)'s under 25 . We now consider the n for which two (and hence all) of congruences (1)- (4) are true simultaneously, assuming (n, 2PQD) = 1.
Rotkiewicz [18] proved several theorems to the effect that if Q = ± 1 and if (P, Q) =f= (1, 1) , then there are infinitely many composite n for which (1) (4); for all of these n, the Q's deter-mined by algorithm A or B were either ± 1. The first few for method A are: n = 5777, n = 10877, n = 75077, and n = 100127 (for these, P = 1, Q = -1). The first few for method Bare: n = 323, n = 377, n = 3827, and n = 5777 (for these,
When we tested the n < 10 8 with methods A* and B*, we found that no n satisfied more than one congruence (1}-(4) . Also, we found no n where both U n + 1 == 0 and Qn-l == 1 (mod n). These results, along with the rarity of n satisfying (2) with Q =1= ± 1, justify the remarks in Section 5 that, in a probable prime test, one should check the conditions Vn+ 1 == 2Q and Q(n+ 1)/2 == Q . (Qln) (mod n).
To summarize, a good primality test might include these congruence tests: (1) Test whether n is an sprp(2); then, with D, P, and Q chosen by method A * or B *:
(2) test whether n is an slprp(p, Q); (3) verify congruence (2); (4) verify that the (known) value ofQ(n+1)/2 is congruent to Q' (Qln) (mod n); (5) verify congruence (*).
7. The Cost of Choosing D with (Din) < 1. In Section 5 we described two ways of choosing the parameters for a Lucas sequence. Both methods began by finding the first D in a certain sequence, for which (Din) < 1. We compute here the average number of D's which must be tried until a suitable one is found. The maximum number of D's tested in the worst case is also discussed. We will assume in this section that n is known not to be a square, even though this differs from what we did in Section 5. We begin with the related problem of the size of the least positive integer D such that (Din) < 1. For odd nonsquare n, let fen) denote the least positive D for which (Din) < 1. Let fen) = 0 when n is an odd square. Thenf(n) is prime whenever it is positive.
An upper bound for fen) follows easily from a general character sum estimate;
see Theorem I of Burgess [3] . His theorem yields f( n) Let qj denote the jth prime and let 1T(X) be the number of primes ~X. Erdos [8] has computed the average order of f(P), where p is restricted to the set of all odd primes. He proved that
The value of the limit is approximately 3.674643966. THEOREM 9.
x-+oo xl2 n';;;'x j=2 2'
The right-hand side is approximately 3.147755149. The proof of Theorem 9 parallels that of a theorem of Elliott [4] , which generalizes the result of Erdos just stated. We need two lemmas which are similar to Elliott Thus, for all sufficiently large X, and M ~ N, we have 
.
By Mertens' theorem, with 'Y denoting Euler's constant, :iX (1 -q',) = (\ + 0(\ /qj»/(e~ log q). Then, with eo = 1 and d j = e j -l -e j , for j ~ 1, we can prove (16) . (17) n odd which is the average number of D's which must be tried until a suitable one for method A is found. We can also evaluate (18) which is the average number of D's which must be tried if we have a table of the ,/s and try only these numbers for D.
Clearly, ej = n~= 1 zi' where zi is the conditional limiting frequency of odd n such that (';In) = 1, given that ('kin) = 1 for all k < i. Whenever 'i is prime, we have zi = ('i -1)/(2,;). For '3 = 9, we find z3 = 2/3, which is the probability that 3{n. Finally, the probability that (-15/n) = 1, given that (5/n) = (9/n) = 1, is z6 = 1/2, which is the probability that (-3/n) = + 1, given that 3 {n. Using these values of zi'
we find that the values of the sums in (16), (17) , and (18) are approximately 6.580958182, l.790479091, and l.784417556, respectively. Only a few changes need be made in the foregoing argument to obtain the corresponding results for method B. Let hen) = 0 if n is a square. Otherwise, let hen) be the least element D of the sequence 5, 9, 13, 17, ... , for which (Din) < 1. We sketch a proof of the fact that the positive part of the range of h consists of all primes p == 1 (mod 4) together with the numbers 3q for each prime q == 3 (mod 4) (including Let'!' '2' ... be the range of h. We compute the limiting frequencies Zj as for method A. We find zi = ('i -1)/(2'i) whenever 'i is prime. For '2 = 9, we have Z2 = 2/3. Finally, when 'i = 3p, where p is a prime >3, we find that zi = (P -l)/(2p), which is the probability that (3pln) = 1, given that 3 {no These values of zi produce approximate values of 8.690967494 and l.895078260 for the sums (16) and (18) 
